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ABSTRACT 


This  paper  gives  a  method  to  derive  new  a  posteriori  error  bounds  for 
Newton-like  methods  in  a  Banach  space  under  Kantorovich  type  assumptions.  The 


bounds  found  are  sharper  than  those  of  Miel  [10]  and  include  those  recently 


<  Cy 

obtained  by  Moret  [12].  The  applicability  of  method  is  studied  for  other 


types  of  iterations.  Various  error  bounds  for  the  Newton  method  under  the 


Kantorovich  assumptions  are  surveyed  in  the  Appendix. 
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SIGNIFICANCE  AND  EXPLANATION 


^  To  find  sharper  error  bounds  for  iterative  solutions  of  nonlinear 
equations  is  one  of  the  important  subjects  in  numerical  analysis,  ttiis  paper 
gives  a  simple  and  powerful  technique  for  improving  known  error  bounds  for 
Newton-like  methods  in  a  Banach  space  under  Kantorovich  type  assumptions. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


ERROR  BOUNDS  FOR  NEWTON-LIKE  METHODS 
UNDER  KANTOROVICH  TYPE  ASSUMPTIONS 


Tetsuro  Yamamoto* 


Let  X  and  Y  be  Banach  spaces  and  consider  an  operator  F  :  D  C  X  +  Y.  If  F  is 
Frechet  differentiable  in  an  open  convex  set  DQ  C  d,  then  the  Newton  method  for  solving 
the  equation 


F(x)  -  0 


is  defined  by 


x^j  m  Xjj  —  F'  (Xj^)  ^FtXp)/  n  ■  0(  If  2,  *«*f 


provided  that  F' (xn)-1  (  L{ Y,X)  exists  at  each  stepi  where  L(Y,X)  denotes  the  Banach 
space  of  bounded  linear  operators  of  Y  into  X.  Since  Kantorovich  [6]  established  his 
famous  theorem,  called  the  Kantorovich  theorem,  which  guarantees  the  convergence  of  the 
method  and  existence  and  uniqueness  of  the  solution  of  the  equation  ( 1 . 1 > ,  and  gave 
another  proof  of  the  theorem  with  the  use  of  a  majorizing  sequence,  many  authors  have  made 
efforts  to  find  sharper  error  bounds  for  and  establish  similar  convergence  theorems 

for  the  Newton-like  method 

*  Xjj  —  A( Xjj)  F(Xjj),  n  ■  0,  1,  2,  •*>,  (1,3) 

where  A(xn)  is  a  linear  operator  which  approximates  F'(xn). 

One  of  the  typical  generalizations  of  the  Kantorovich  theorem  is  given  by  Kheinboldt 

[20]  on  the  basis  of  his  majorant  principle,  which  generalizes  Kantorovich's  majorant 
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technique  for  the  Newton  method.  A  further  generalization  of  Rheinboldt's  result  is  given 

by  Dennie  [2],  which  is  stated  in  an  affine  invariant  fora  as  follows! 

THEOREM  1.1.  Let  F  s  D  C  X  ♦  Y  be  Frechet  differentiable  in  an  open  convex  set 
DQ  C  D  and  A  !  DQ  ♦  L(X,Y).  Assume  that  for  a  point  xQ  e  DQ,  A(xQ)-1  exists  and  for 

constants  X  >  0,  L  >  0,  M  >  0,  £  >  0,  m  >  0,  and  n  >  0,  the  following  holds 

IA(x0)_1(F'(x)  -  F' (y ) ) I  <  Klx  -  yl  ,  x,  y  e  DQ  , 

IA(x0)_1(A(x>  -  A(x0))l  <  L  lx  -  xQl  +  £  ,  x  e  DQ  ,  (1.4) 

IA(x0)-1(F>(x)  -  A(x) ) I  <  M  lx  -  xQl  +  a  ,  x  e  D0  , 

IA(x0)-1F(x0)l  <  n  ,  £  +  a  <  1  ,  <J"  max(  1,  L  -y— )  , 


(1  -  t  -  a) 


2  -  2  ' 


S(x0,t#)  -  {x  e  x|lx  -  x  I  <  t*}  C  D-. 


Then  the  sequence  {xn}  generated  by  (1.3)  exists,  remains  in  S(xQ,t  )  and  converges  to 

#  * 

a  solution  x  of  (1*1)  which  is  unique  in  O  S(xQ,t)  where 


+  -  2Kti  )/K.  Furthermore ,  error  estimates 

lx*  -  x  I  <  t#  •  t  »  n  ■  0,  1,  2,  ...  (1. 

n  ■  n 

hold,  where  {tn}  is  defined  by 

*<t  ) 

t  ■  0  ,  t  *  t  +  - ,  n  *  0,  1,  2,  ...,  (1. 

0  n+1  n  g(t  ) 

n 

with 

f(t)  -  J  cKt2  -  (1  -  i  -  a)t  +  n  ,  g(t)  -  1  -  t  -  Lt  .  (1. 

Rheinboldt's  theorem  (20;  Theorem  4.3J  corresponds  to  the  case  £  -  0  in  ttieorea 
1.1.  An  improved  version  for  the  error  bounds  of  Rheinboldt  was  obtained  by  Miel  (10). 
His  technique  is  applicable  to  Dennis'  bounds  (1.6),  too,  and  we  obtain 
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considered  by  Zincenko  (27],  Kheinboldt  [20]  end  Horet  (12).  He  shell  show  thet  their 
error  bounds  esn  eesily  be  improved  by  our  aethod.  Furthermore,  in  |4,  we  shell 
specialize  our  results  to  the  Newton  aethod  end  show  thet  our  bounds  improve  the  besic 
error  bounds  (25;  Leaaa  3]  which  ere  obteined  from  the  Kantorovich  theorea.  Therefore, 
f real  the  previous  results  (24]  -  (26] ,  we  esn  conclude  thet  our  bounds  for  the  Newton 
aethod  which  coincide  with  those  of  Horet  ere  sherper  then  those  of  Kiel  [11],  Potra-Ptak 
(17]  end  Gragg-Tapia  [5],  etc.  Finally,  e  aore  detailed  comparison  will  be  nade  in  the 
Appendix  between  the  various  error  bounds  for  the  Newton  aethod  which  have  been  obtained 
by  many  authors  under  the  assumptions  of  the  Kantorovich  theorea. 


2.  IMPROVED  ERROR  BOOKDS  FOR  (1.3) 


Throughout  this  section/  we  keep  the  notation  and  assumptions  of  Theorem  1.1. 

Furthermore/  without  loss  of  generality,  we  assume  that  xn  f  x^+1 ,  since,  otherwise  we 

•  * 

have  x_  “  x  and  lx  -  x  I  «  0 .  Then  we  have 
*»  n 

x*  -  xn+1  =  x*  -  Xjj  +  A(xn)"1(F(xn)  -  Fix*)  - 

-A(xn)_1[F(x*)  -  F(Xjj)  -  F'lXjjHx*  -  xn)  +  {f“(xn)  -  A(xn>l  (x*  “  xn>l 

-  -A(xn)"1A(x0)[  /  A(x0)‘1{F'(xn  +  tlx*  -  xn))  -  F'(xn)}(x*  -  xn)dt 

+  A(xft)-1{F'(X  )  -  A(x  )  }(x*  -  x  )]  , 
o  n  n  n 

A(xn)  -  A(Xq)  [I  +  A(x0)_1(A(xn)  -  A(x0))) 

and 

IA(x„)-1(A(x  )  -  A( x_  ) ) I  <  L  lx  -  x„l  +  t  <  Lt  +  t 
o  n  o  »  no  *  n 

<  oKt*  +  t-1-m-(1-t  -  m)/l  -  2h 

<  1  , 

where  we  have  used  the  fact  that  t  <  t  if  n  >  0,  which  is  satisfied  because  of  our 

n 

assumption.  Hence,  using  Banach's  lemma,  we  obtain 

lx*  “  x  .1  <  (1  -  l  -  LA  lx*  -  x  I2  +  (m  +  MA  ) lx*  -  x  l{ 

n+1  “  n  ‘2  n  n  n  1 

<  (1  -  l  -  Lt  r1{'|  lx*  -  x  I2  +  (m  Mt  ) I x*  -  x  l}  , 

*  n  «  n  n  n 

where  A  «  lx  -  x.l.  For  the  sake  of  simplicity,  we  put  d  «  I*.,.  -  x  I, 
n  n  o  n  *  *  n 

a  -  t  +  LA  ,  b  «  m  +  MA  ,  a  *  *  +  Lt  ,  b  «  m  +  Mt  , 
n  n  n  n  n  n  n  n 

•  It)  -  (1  -  a  )-1(-i  Kt2  +  b  t)  (2.1) 

n  n  «  n 

and 

V  <t)  -  (1  -  a  )_14  Kt2  +  %  t)  .  (2.2) 

n  n  4  n 


-5' 


then  we  have  *  (t)  <  *  (t)  for  ell  t  >  0  or  #  (t)  s  fit)  for  ell  t  >  0. 
n  n  n  n 

Furthermore,  put  *  (t)  »  *  ( t )  -  t  ♦  d  and  •  (t)  ■  e  (t)  -  t  ♦  d .  then  it  is  clear 
n  n  n  n  n  n 

~  A,  *  ~ 

that  if  tha  equation  •  (t)  -  0  has  positive  solutions  T  #  t  such  that 

n  n  n 

A,  *  *W  **  *  *♦ 

t  <  t  ,  then  the  equation  *  (t)  ■  0  has  positive  solutions  t  ,  t  such  that 
n  -  n  n  nn 

*  A,  *  AW  «*  **  *  ^  •*  ** 

t  <t  <t  <t  .In  particular#  we  have  0  <  t  <  t  <  t  <  T  if 
n  -  n  *  n  •  n  n  n  *  n  n 

IW  M  A  M 

f  (t)  <  e  (t)  for  t  >  0.  We  first  prove  that  the  positive  solutions  T  and  t 
n  n  n  n 

do  exist. 

LEMMA  2.1.  the  equation  ?n(t)  “  0  has  positive  solutions  so  that  *n(t)  “  0  has 
positive  solutions,  too. 

Proof.  The  equation  ?n(t)  “  0  is  equivalent  to 

;  Et2  -  (1  -  a  -  b  )t  +  (1  -  a  )d  -  0. 

2  n  n  n  n 

2 

Hence,  by  noting  that  l  +  H  J  ax  and  “2(1  -l  -  m)tn  ♦  2r\  «  2Vtn+1g(tn>  ■ 

>  2d  g(t  ) ,  we  obtain 
**  n  n 

D  =  (1  -  a  -  b)2  -  2K(1  -  a  )d 
n  n  n  n 

>  (1  -  t  -  m  -  oKt  )2  -  2oK(  1  -  l  -  Lt  )d 

■  n  n  n 

>  (1  -  1  -  m)2  +  0K(2d  g(t  )  -  2n)  “  2oKg(t  )d 

•  n  n  n  n 

-  (1  -  L  -  m)2  -  2a Kn  >  0. 

This  proves  Lemraa  2.1.  Q.E.D. 

LEMMA  2.2.  Let  t  be  the  least  solution  of  the  equation  *  (t)  »  0.  then  we  have 
n  n 

lx*  -  x  I  <  T  *  .  (2.3) 

n  m  n 

Proof.  By  Leans  2.1,  the  equations  *n(t)  “  0  and  ?n(t)  "  0  have  positive 

•  *»  „  ••  *  ,*  *  ~  **  ** 

solutions  x  ,  t  and  r  ,  t  respectively  such  that  T  <  r  <  t_  <  t  • 

nn  nn  n  ™  n  “  n  *  n 

Let  D  be  defined  as  in  the  proof  of  Leanta  2. 1.  Then  we  have 


Three  cases  can  occur: 

(i)  Hie  case  where  A^  <  t  .  In  this  case  we  have  9  (t)  <  9  (t)  for  all  t  >  0  00 

n  n  n  n 

that  x  <  t  <  t  <  t  ,  which,  together  with  (2.4),  implies  that 
n  n  *  n  n 

-  *  ** 

,X  '  V  <  Tn  *  <2‘ 

mw  M  #*  ft* 

(ii)  Hie  case  where  A  *  t  and  D  >  0.  In  this  case,  we  have  T  *  t  and  the 

n  n  n  n 

inequality  <  In  (2.4)  is  replaced  by  the  strict  inequality  <  so  that  we  again  have 
(2.5). 

(iii)  The  case  where  4  *  t  and  D  -  0.  In  this  case,  we  have  T  •>  t  - 

“  n  n  n 

MW  ft*  •* 

t  -  x  so  that  (2.4)  means  (2.3). 
n  n 

In  the  cases  (i)  and  (ii),  we  can  also  assert  (2.3).  In  fact,  we  have 


lx  -xl-d  <lx  -x  .,1  <  9  (lx  -  x  I) 
n  n  »  n  1  -  Tn  n 


*  (lx  -  x  I)  >  0  . 
n  n  ■ 


Solving  this  inequality  yields 


*  *  *  •* 

lx  *  x  I  <  t  orlx-xl>T 
n  “  n  n  «  n 


By  (2.5),  the  latter  is  excluded  in  the  cases  (1)  and  (ii).  This  proves  Lemma  2.2.  Q.E 
He  are  now  in  a  position  to  prove  the  following  theorems 


’•'H  Vv 


THEOREM  2.1.  Older  the  assumptions  of  Theorem  1.1,  we  have 


This  is  Morst's  bound  (un(|xn+i  -  *nD  “  un(0)  in  his  notation).  Ho  obtained  (2.10)  by 

2 

raplacing  (1.4)  and  (1.5)  by  the  atrongar  conditions  (1.10)  and  Gr)/H  <  1/2  , 
rsspactivaly.  Under  his  assumptions!  ths  bound  (2.9)  also  reduces  to  Horst's  bound 

®n*,xn+1  “  *n*^*  *®*e  A*  hi*  paper.) 

As  a  dual  of  our  principle(  we  have 

d  -  lx*  -  x I  <  lx*  -  x  I  <  a  (lx*  -  x  I)  <  f  (lx*  -  x  I)  , 
n  n  “  n+ »  *  n  n  ■  n  n 

where  fn(t),  »n(t)  are  quadratic  polynomials  defined  as  in  (2.1)  and  (2.2) 

respectively.  Then  ?n (t)  -  a„(t)  ♦  t  -  d  ■  0  always  has  only  one  positive  solution 

~  • 

t  .  Therefore#  solving  the  inequality  ?  (lx  ■  *  I)  >  0  yields  the  lower  estimates 
-n  n  n  m 

*  ~  * 

lx  -  x  I  >  t  .  This  is  a  technique  which  was  first  adapted  by  Gragg-Tapia  [5],  and 
n  ■  *n 

* 

later  by  Schmidt  [22]  and  Kiel  [11].  If  we  denote  by  the  unique  positive  solution 

•  —  * 

of  T  (t)  ”  e  (t)  +  t  -  d  “  0,  then  we  have  t  >  t  Hence,  as  a  dual  of  Theorem 

n  n  n  *n  ■  *n 

2.1,  we  have  the  following  result. 

THEOREM  2.2.  under  the  assumptions  of  Theorem  2.1,  we  have 


*  • 

IX  -  X  I  >  T  - 
n  “  -n 


2(1  -  a  )d 
n  n 


1  -  a  +  b  +  /(I  -  a  +  b  >2  +  2K(  1  -  a  )d 
n  n  n  n  n  n 


(2.11 


~  * 

>  T  - 

■  -n 


2(1  -  a  >d 
n  n 


1  -  a 


+  b_  +  /(I  -  a  +  b_)2  + 


(2.12! 


2X(1  -  a  )d 
n  n 


Next,  we  would  like  to  estimate  the  ratio  d^j/d,,.  For  the  Newton  method,  it  is 

well  known  that  d  . ,/d  <  1/2  .  Moret  [12]  obtained  under  his  stronger  assumptions  that 

n+ 1  n“ 


■i.i 


d  1(  <  r  (d  )  -  <1  -  aG  d  )  '(^  5d  +  1  -  Hid,,  , 
n+1  «  n  n  nn  2nn  nn 


(2.13 


where  a,  G,,,  ^  are  defined  in  (2.10).  On  the  other  hand,  Miel  [10]  obtained  under  the 
Rheinboldt  assumptions  that 


d+1  <^d 
n+1  “  7tn+1  n 


(2. 14 


-10- 


•  \ 


r 


Proof .  As  in  the  proof  of  Theorem  2. 3,  it  is  easy  to  see  that  the  inequality 

~  OlC(Vt  ) 2  +  t>  *Vt  ,4  -  (1  -  a  MVt  >  0 

2  n+1  n  n+1  n+1  n+2  » 

holds.  We  may  again  assume  that  d^+i  f  0.  Then  it  follows  that 


Vt  > 
n+1  ■ 


2(1  -  Vl)7tn+2 


b  +  /  b  “  +  2aK(  1  -  a  MVt  _ 
n  n  n+1  n+2 


Observe  that  the  denominator  of  (2.17)  is  positive,  since  Vtn+2  >  ^n+1  >  0*  Furthermore 
by  a  simple  computation,  we  see  that  the  inequality 

2(1  -  Vi> 


b  +  ✓  b  *  +  2oK(  1  -  a  MV t 
n  n  n+1  n+2 


is  equivalent  to 


0KVtn+2  +  2U*b+1  +  Htn)  <  2(1  -  l  -  »)  . 


However,  we  have  assumed  that  n  >  0  so  that  t  >  t  and 

n 


aKVtn+2  +  2(Ltn+1  +  Mtn)  S  a*<Vtn+2  +  2tn+1> 


ffK<tn+2  +  W 


<  2oKt  <  2(1  -  l  -  m) 


Hence  the  condition  (2.18)  as  well  as  (2.19)  is  satisfied,  which,  together  with  (2.17), 

implies  that  Vtn+^  >  Vtn+2 .  Consequently  we  have 

Vt  +, 

d  <  p  (d  ,  ,)d  <  q  (d  )  <  r  <d  )  <  yr—  d  <  d  , 
n+1  «  n  n+1  n  «  n  n  ■  n  n  *  5t  n  n 

n+1 

provided  that  dn  t  0.  Q.E.D. 

We  end  this  section  by  pointing  out  that  Moret's  bounds  follow  from  Theorem  1.1  if 
the  condition  (1.4)  is  replaced  by  Moret’s  condition  (1.10).  In  fact,  under  the  same 
assumptions  as  in  Theorem  1.1,  except  for  replacing  (1.4)  by  (1.10),  we  have 


IA(xn)  <F'(x)  -  F»(y))l  <  Six  -  yl  .  X,  y  t  0Q  . 

I  A(  x  )-1(A(x)  -  A(x  ))l  <  L  lx  -  X  I  ,  X  C  D_  t 
n  n  -  n  u 

IA(x  )_1(F'(x)  -  A(x))l  <  5  I  x  -  x  I  ♦  m  ,  x  e  D  , 

n  ■  n  u 

where 


X  ■  ( 1  -  a  )_1X  ,  L  -  (1  -  «  )~'t  .  M  -  (1  -  I  >“V 

n  n  n 

a  m  (1  •  a  )-1b  ,  a«U,b-B  +  MA. 

n  n  n  n  n  n 


Therefore,  an  application  of  Theorem  1.1  to  x|1  leads  to 

*  1  -  A  -  2h 


lx  -  x  I  <  t 
n  ~ 


(1  -  ■) 


OX 


2(1  "  Vdn 
n  n 


1  -  i  -  to  ♦  /(I  -  a  -  b  )2  -  2oK(1  -  TJT 
n  n  ti  n  n  n 

provided  that  2h  <  1,  where  h  »  oSdn/(1  ~  ») 2  •  The  conditio l  2h  <  1  is  indeed 

satisfied.  To  show  this,  we  Caspars  the  function  fn(t)  ■  (1  -  an>  ’(j  oXt2  +  bnt) 

another  function  »n<t)  *  ( 1  -  a^)  '(j  oXt2  ♦  £nt)  where  aR  “  ltn*  bn  -  *  ♦  Mtn  . 

if  (t)  <  f  (t)  and  ♦  (t)  «  f  (t)  -  t  +  d  -  0  has  positive  solutions  if  d_  »•  0  , 
n  *  n  n  n  n  n 

since  we  already  know  froe  the  proof  of  Tews  2. 1  that 

D  =  ( 1  -  a  -  E  )2  -  2oX( 1  -  i  )d 
n  n  n  n 

>  <1  -  n  -  aft  )2  -  2oX(  1  -  bt  >d„ 

■  n  n  n 

>  (1  -  a)2  -  2oXn  >  0  . 

Hence  the  equation  I  (t)  -  5  (t)  -  t  +  d-  0  has  positive  solutions  and 
n  n  n 

5  -  (1  -  a  -b)2-  2oX( 1  -  I  )d„  >  0  , 
n  n  n  n  * 


(2.20 


with 

Thai 


-14- 


which  is  equivalent  to  2h  <  1.  If  o  «  1,  which  is  also  Moret's  case,  then  the  bounds 
(2.20)  coincide  with  (2.6)  with  1-0.  Therefore,  the  bounds  (2.20)  include  those  of 


Moret  as  a  special  case.  However,  if  a  >  1,  then  the  bounds  (2.20)  are  inferior  to  the 
corresponding  bounds  of  (2.6)  in  spite  of  putting  the  stronger  condition  (1.10)  in  place 
of  (1.4). 

Remark  2.3.  It  also  follows  from  the  above  argument  that  2h  <  1  if  2h  <  1.  This 

2 

generalizes  Moret's  result  that  2Gd/H  <1  if  2h<1. 

n  n  n 


-15- 


a 


« 


a 


d 


vl 


3.  uiucmo 


Bie  arguments  da v* loped  in  the  previous  section  may  be  applied  to  the  other  type 
iterations.  First  we  consider  the  iteration  (1.11)  considered  by  Dennis  [3].  Hs  assumed 
that  xQ  ;  0Q  ,  Ag1  exists,  »*0  V(x0)l  <  n  , 

IaJJVmx)  -  F*(y))l  <  Alx  -  yl  ,  x,  y  r  Dq  , 


■A, 


■1  f 6 o  <n  "  °> 

.  (F‘<X»  -  V  n 

L«n  +  Yj^1,xj  "xj-1l  (n  l  1}  ' 


«n  i  J  (a  J  1)  ,  6„  +  26  <  1  , 


and 


where 


(A  +  2y)n  - 

- - J  i  2 

(1  -  6q  -  26) 

S(x0  ,t*>  C  D0. 

«*  - 1 VJ  »>  • 


Ohder  these  assuaptlons,  he  proved  that  the  sequence  {xn}  generated  by  (1.11)  exists, 

_  *  • 

regains  in  S(xQ,t  )  and  converges  to  a  solution  x  of  (1.1),  which  is  unique  in 

D0  H  S(xQ,  1  A  ~  3l’  ( 1  -  6Q>)  if  2h*  <  1  where  h*  -  An/d  -  60)2,  and  unique  in 

—  o  .  . 

S(x0,  - jj — )  if  2h'  -  1.  Furthermore,  defining  the  sequence  {tn}  by 

fltn) 

tQ  -  0,  t  -  t  +  — -  *  n  -  0,  1,  2,  ..., 

where 

f(t>  “  ■y  (A  +  2y)t2  -  (1  -  6Q  -  26)t  ♦  n  , 


(n  -  0) 


<A+  i  )t  (n  >  1) 
a  * 
n 


-16- 


Dennis  showed  that 


,xn+1  •  xn'  *  fcn+1  '  *n 


and 


lx  -  x  I  <  t  -  t  ,  n  -  0,  It  2,  ... 
n  -  n 


We  can  apply  our  principle  to  improve  the  error  bounds  (3.1).  In  fact,  we  have 


x*  -  x  .  -  -A'Vlx*)  -  F(x  )  -  F'(x  )(x  -  x  ) 

n+ 1  a  n  n  n 

n 


+  (FMx  )  -  A  ) ( x  -  X  >]  , 
n  ci  n 

n 


F*(xn)  ‘  Aa  “  l'*<V  “  F'(xa  >)  +  {F*(xa  >  ’  Aa  )  ' 


An  t1  +  O*,.  -  V* 


and 


n  n 

A  -  A, 


a  0  y-a. 
n  n 


{A  -  FMx  )}  +  {PMx  )  -  F*(x0)}  +  (FMx0)  -  A0}  . 


Hence  we  have 


1  *  2 
J  Klx  -  x  ■ 


,x  *  xn+l'  i 


1  _  * 
:  I  +  (6  +  Klx  -  x  I  +  Y  l  lx,  *  x  l)lx 

"  an  n  “n  j-1  3  31 


1  -  «0  -  «a  -  Klxa  -  xQ 
n  n 


I  -  T  l  1*4  -  JM-i1 

j-1  3  3 


where  we  understand  that  £  -  0.  Therefore,  if  we  again  assume  that 

j-1 


dn  "  ,xn+1  *  xn‘  *  0  and  put 


a..  »  +  6  +  Klx  -  xft 

n  o  a  a  u 

n  n 


»  ♦  y  l  dj-i  • 

j-1  3 


"  6n  +  S„  +  <*  + 
n  u  ci  « 

n  n 


b  -  4  +  Klx  -  x  I  +  Y  I  d,_.  , 

n  “n  n  an  j-1  3 


b^  «  S_  +  K(t  -  t  )  +  yt 


(3.2) 

(3.3) 

(3.4) 

(3.5) 


Then  we  have 


lx*  -  xl  <  e  (lx*  -  X  I)  <  f  ( lx*  -  X  I) 
nt  1  ■  n  n  *  n  n 

where  »n(t)  and  »n<t)  are  of  the  forme  defined  in  (2.1)  and  (2.2),  respectively. 
Furthermore,  it  is  easy  to  see  that 

D  5  (1  -  S  -  b  )2  -  2K( 1  -  a  )d 
n  n  n  n 

>  <1  -  «n  -  2«  -  (K  +  2y  )t  )2  -  2(K  +  2y)(1  -  «  -  (K  +  y  )t  )d 

m  u  n  u  a  an 

n  n 

»  (1  -  -  2«  -  (K  ♦  2y)tn)2  -  2(K  ♦  2Y>gnVtn+t 

-  (1  -  «0  -  24)2  -  2(X  ♦  2y)n  >  0  . 


Therefore,  repeating  the  same  arguments  as  in  {2,  we  again  obtain  the  estimates  (2.6)  - 
(2.8)  with  the  a„,  b„,  an,  En  defined  in  (3.2)  -  (3.5). 

Next,  consider  the  iteration  (1.12)  which  was  discussed  by  Schmidt  [21],  [22].  Be 
assumed  that  F  is  Frechet  differentiable  in  Dg  and  for  some  x^,y1  e  dq, 

6F(x1,y1)-1  e  L(Y,X)  exists.  Furthermore,  he  assumed  that,  with  some  coarntmta  a  >  0, 
b  >  0,  c  >  0,  the  following  holdi 

l4F(x1,y1)”1(F'(u)  -  F*v) ) I  <  2alu  -  vl,  u,  v  c  Dg  , 


l«F(x1,y1)~1(4F(u,v)  -  F'(x))l  <  a(lu  -  xl  *  Iv  -  xl),  u,  v,  x  c  DQ  , 
lx1  -  y1l  <  b  ,  l«F(x1,y1)~1F(x1)l  <  c  , 

hm-aisj-f)  <i,  ./nr,  , 

(1  +  ab) 

§  -  S(x2,  t*  -  b  -  c)  C  DQ  , 


*1  *  x0  '  yn  *  Vn  +  (1  -  Xn,xn-1'  Xn  e  n  *  2  * 


-18- 


Then  he  proved  that  the  sequence  {xn}  generated  by  (1.12)  exists,  remains  in  8  and 
converges  to  a  solution  x*  of  (1.1).  His  proof  consists  in  establishing  the  relations 


lx 


n+1 


-  x  I  <  t  , 
n  -  n+1 


and 


lx  - 


x  I  < 

n  » 


t  -  t 


(3.6 


where  the  sequence  {tn}  is  defined  by 


t,  -  b  ,  -  tQ  -  0  , 

(t  -  s  >f(t  > 

►  _  ►  »  »  n 
n+1  n  ‘  fit  r=  f  ie  i'  » 
n  n 


*n+1  “  Xn+1fcn+1  +  11  Xn+1ltn 


n  ■  Ip  2g  3p  •  •  e i 


with  f(t)  -  at2  -  (1  +  ab)t  +  b  +  c. 

Under  the  assumptions  of  Schmidt,  we  can  improve  the  bounds  (3.6).  In  fact,  as  wae 

shown  in  his  paper  [21],  «F(x  ,y  )_1  exists  for  each  n  and  we  have 
*  n  n 

X*  -  X  “  «F(x  ,y  )”V(x*)  -  F( x  )  -  F'(x  )(x*  -  x  ) 
n+  1  n  n  n  n  n 


+  (F'(xn)  -  «F(xn,yn)}(x*  -  xn» 

so  that 

■x*  *  xn+l'  i  V,x‘  '  xnn  “  (1  *  V"1(a,x‘  "  Xn'2  +  bn,x‘  *  V’  ' 

where 


an  “  *(,xn  "  V  +  2,yn  “  x1*  *  ,X1  '  yl'»  '  bn  “  *,xn  ‘  V 

and 

»n<t)  -  (1  -  an)_1(at2  +  bnx)  . 

Therefore,  if  we  put 

a  -  a(t  +  s  -  t.)  ,  b  -  a(t  -  a  )  , 
n  n  n  1  n  n  n 

and 

f  (t)  -  (1  -  a  )_1(at2  +  St)  , 
n  n  n 

then  e  (t)  <  f  (t)  for  t  >  0  and,  by  the  same  argument  as  in  f2,  we  obtain 
n  ■  n 


~  * 

T 

-n 


2(1  -  a„,dn 
n  n 


1  -  a_  +  b_  +  /(I  -  »n  ♦  b£2  +  4a<1  -  a 


n  n 


-  )d 
n  n 


<  T 


2(1  -  a  >d 
n  n 


-  a  ♦  b  ♦  /(I  -  a  *  ^  '2 


♦  *>  >  +  4a ( 1  -  a  )d 

n  n  n  n 


*  * 

<  IX  -  X  I  <  T  ■ 
-  n  •  n 


2(1  "  Vdn 

n  n 


1  -  a  -  b  +  /{I  -  a  -  b  )2  -  4a (1  -  a  ) 


n  n 


-  )d 
n  n 


~  * 
<  t 

■  n 


2(1  -  a  )d 
n  n 


-  a  -  b  +  /(I  -  a  -  b  )2  -  4a(1  -  a  )d 
n  n  ti  i)  n  n 


t  - 1  t  - 1  . 

"  d  <  - d_  .  <  t  -  t 


-  Vt  dn  -  Vt  n-1  - 
n+1  n 


The  bound  T  ,  the  positive  solution  of  »  (t)  +  t  -  d  «  0,  is  equal  to  Scheldt' 
“ii  n  n 


lower  bound  ^  in  hia  paper  [22]. 

A a  the  third  example ,  we  consider  the  iteration  (1.13)  which  was  considered  by 
Zincenko  [27),  Rheinboldt  [20]  and  Moret  [12].  Let  F  be  continuous  in  D  and  T 


be  Frechet  differentiable  on  some  open  convex  set  D.  C  D.  Assume  that  for 


.-1 


*(  f  Dq  ,  T’ (xQ)  (  UY.X)  exists  and  for  K  >  0  ,  0  ^  6  <  1  ,  n  >  0, 


IT'(x0)“1(T,(x)  -  T*  (y) )l  <  Klx  -  yl  ,  x,  y  e  DQ  , 


IT'(X 0)~  ((F  -  T)(x)  -  (F  -  T) (y) ) I  <  8lx  -  yl ,  x,  y  e  D  , 


IT’^rV^)!  <  n 


L  *1  .  1 
h  -  — - —  <  t 


(1  -  8) 


2-2 


and 


Define  t  and  t  “F 


1  -  /l  -  2h 


(1-6)  and  t**  -  —  —  ( 1  -  6  ) 


respectively  and  suppose  that  S(xQ,t  )  C  dq.  Then  it  is  known  [27],  [20]  that  the 
sequence  (xn)  defined  by  (1.13)  exists,  reHins  in  S(xQ,t  )  and  converges  to  the  only 
solution  x*  of  (1.1)  in  DQ  n  S(x0,t*  ). 

Rheinboldt  proved  this  by  showing  that 


lx  *  x  I  <  t  •  t  ,  lx  -xl<t  -t 
n+1  n  »  n+ 1  n  n  “  n 


(3.8) 


where  the  sequence  {t„}  is  defined  by 


0,  t 


n+1 


f(tn> 

"n^irrr*  n 


0,  1.  2, 


with 


f(t)  -  j  Kt2  -  (1  -  6  )t  +  n  ,  g(t>  -  1  -  Kt 


Therefore  we  can  improve  the  bounds  (3.8)  on  the  basis  of  our  principle:  For  the 
iteration  (1.13),  we  have 

x*  -  xn+1  -  -T,(xn)~1[T(x*)  -  Tlx,,)  -  T'(xn)(x*  -  xJl) 

+  (F  -  T)  (x*)  -  (F  -  T)(xn)] 


so  that 


•  • 

lx  -  X  . ,1  <  f  ( lx  -  X  I ) 
n+1  «  Tn  n 


(1 


-11  * 

KA  )  Klx  - 
n  < 


2  * 
xl  ♦  6  lx 
n 


v> 


<  ?  (lx*  -  *  I)  =  (1  -  K  )"’4  Klx*  -  x  I2  +  Six*  -  x  I  )  , 
■  n  n  n  4  n  n 

Where  *  lxR  -  xQl.  Hence,  an  application  of  our  technique  yields 

2(1 

T  “  —  ■■  -  —  -  -  . .  —  . .  — 

-  n  j - - - 

1  +  5  -  Kt  +  /(I  +  <$  -  Kt  )  +  2K(1  -  Kt  )d 

n  n  n  n 

.  2(1  -  KA  )d 

<  - - 2—2 - 

"  *■»  ) - 2 - 

1  +  <5  -  KA  +/(1  +  5  -  KA  )  +  2K(  1  -  KA  )d 


1  -  6  -  KA  +  /(I  -  6  -  KA  )  -  2K<1  -  KA  )d 

n  n  n  n 


2(1  -  Kt  M 
n  n 


1  -  6  -  Kt 


+  /(I  - 


Kt)  -  2K(1  -  Kt)d 
n  n  n 


t  -  t 


t  -  t 


"Vt 


n+1 


d  < 
n  “ 


d  ,  <  t  -  t 
n-1  -  n 


* 

The  upper  bounds  coincide  with  those  of  Moret,  which  he  derived  under  the 

assumption  2h  <  1. 


4.  unjcum  to  ■nrraa's  wmmoo 


As  a  special  case  of  the  iteration  (1.3),  we  consider  the  Hawton  method  (1.2).  He 
call  the  assumptions  of  Theorem  1. 1  with  K  ■  l,  t  •  M  “  *  “  0  the  Kantorovich 
assumptions.  Then  we  obtain  the  following  result. 

THEOREM  4. 1.  Older  the  Kantorovich  assumptions,  we  have 


~  • 

T 

-n 


2d 

_ n 

1  +  /l  ♦  2K(1  -  Kt  )_1d 
n  n 


2d 

n 

1  +  /I  +  2KB  d 
n  n 


2d 

n 

1  +  A  +  2K(1  -  KA  )_1d 
n  n 
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(4.1) 


(4.2) 


(4.3) 


'  >  '  *1  »  ■  v 


v-:.'  • 


(4.4) 


<  IX  -  X  I  <  T 

«  n  ■  n 


1  +  /I  -  2K(1  -  KA  )  d 
n  n 


1  +  /I  -  2K(1  -  Kt  )  d 
n  n 


1  +  /I  -  2KB  d 
n  n 


t  -  t 
_ n  . 

Vt  .  n 
n+1 


* 

t  -  t 

_ n  .  2 

<’V2 


where  A  »  lx  -  x.l  and  H_  are  defined  as  follows  (cf.  Kantorovich  [6],  Rail  [18]): 
n  n  o  n 


B„  -  1  .  r\Q  -  D  ,  hQ  -  h  -  Kh 


VtVi 


n  1  -  h  7  ' 
n-1 


\  '  20-  h-T  '  hn  “  “Vn  '  "  *  1 

n-1 


Proof.  The  bounds  (4.1),  (4.3)  -  (4.5)  and  (4.7)  follow  from  Theorems  2.1  and  2.2. 
The  bounds  (4.8)  are  found  in  Miel  [10].  Therefore,  it  remains  to  prove  that 
(1  -  Ktn)-1  -  Bn.  This  fact  is  implicitly  found  in  Kantorovich-Akilov  [8].  However,  we 
can  also  prove  this  by  using  the  relations 

*  ^n 

t  -  t  -  -  and  t_ , .  -  t_  -  n_  , 

n  1  +  /'I  Sh'  n+1  "  " 

n 

which  were  proved  in  the  previous  paper  [26].  (See  Proposition  A. 2  in  the  Appendix  of 
this  paper.)  In  fact,  we  have 


a 


- -V  . 


V-V-MV-V-'-v', 


so  that  an  application  of  the  Kantorovich  theorem  to  xn  and  n  *  dR  leads  to  the  bounds 
(4.4).  As  was  remarked  in  (25],  [26],  the  bounds  (4.6)  also  follow  from  the  Kantorovich 
theorem  by  replacing  Xg  and  n  in  the  theorem  by  Xj,  and  dj,  respectively.  However, 


Theorem  4.1  asserts  that  (4.6)  is  equal  to  Tn  .  Furthermore,  we  remark  that  it  is  shown 
in  a  series  of  papers  [24]  -  (26)  that  the  bounds  (4.6)  are  sharper  than  those  of  Gragg- 
Tapia  [5],  Rotra-Ptak  [17]  and  Miel  [11].  Therefore,  under  the  Kantorovich  assumptions, 
the  Kantorovich  theorem  still  gives  us  the  best  upper  bounds.  We  note  that  the  bounds 
(4.4)  also  follow  from  Moret's  bounds  (2.10),  provided  that  2h  <  1.  Finally,  we  note 
that  Schmidt's  lower  bounds  [22]  for  the  iteration  (1.12)  reduce  to  (4.1)  and  the  bounds 
(4.2)  may  be  found  implicitly  in  Miel  [11]. 


APPENDIX:  ERROR  B00HD6  FOR  NEWTON'S  METHOD  ORDER  THE  KANTOROVICH  ASSUMPTIONS. 

After  Kantorovich  gave  a  proof  of  his  theorem  for  the  Newton  method,  many  authors 
have  made  efforts  to  find  sharper  error  bounds  under  the  Bame  hypotheses.  In  this 
appendix,  we  survey  such  results  and  clarify  the  relationships  among  them. 

In  1948,  Kantorovich  [6]  established  his  theorem  by  proving  that  <*n+1  “  <  ln 

and 

•  — 1 

lx  -  X  I  <  - 2 -  <  2n_  <  ( 2h ;  n  ,  ( A.  1 ) 

n  “  i  +  /r=nr“  n  2n_1 

n 

where  n  and  h  are  defined  in  theorem  4.1.  A  year  later  [7],  he  gave  another  proof 
n  n 

by  showing  that 


lx  -xl<t  't  ,  lx  -  x  I  <  t  -  t  , 
n+1  n  ~  n+1  n  n  «  n 


(A. 2) 


where  the  sequence  {tn}  is  defined  by  (1.7)  and  (1.8)  with  o  *  1,  i  *  m  «  0,  L  =  K. 
Since  then,  it  seems  to  the  author  that  numerical  analysts  are  convinced  that  the  bounds 


(A. 2)  are  sharper  than  (A.1).  However,  we  can  prove  [26]  that  2nn/(1  +  /I  -  2hft) 

t*  -  tjj.  (Undoubtedly  Kantorovich  had  known  this  fact.)  For  the  sake  of  convenience,  we 

give  the  proof  here.  We  begin  by  proving  the  following: 
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Vj  A  Vu.  Vj  V V  V  *-•  .  *  *  •  »  •  .  •  ,  *  .  *  .  •  »  V  ■«  A*  *  *  .  *  k  • 


proposition  a. 1.  Let  t  and  t  ba  tha  saallaat  and  largest  aolutiona  of 


12  *  *• 

fit)  *  r  tt  -  t  +  r)  »  0  ,  respectively.  Furthermore ,  aat  8  “  t  /t  and 


A  -  t  -  t  -  2/1  -  2h/K  .  Than 


and 


(2h  <  1) 

<2h  -  1) 


(2h  <  1)  . 


Proof.  Thia  proposition  ia  aaaantially  due  to  Ostrovski  [16i  Appendix  PJ .  Let 
an  ”  t*  -  tn  and  b„  ”  t**  -  t,,.  Than  wa  have 

ab  a2  ab  b  2 

n  n  n  .  .  n  n  n  ,  m 

an+1  ”  an  a  +  b  ”  a  +  b  '  n+1  *  a  +  b  ™  a  T  b~  (  «3) 

n  n  n  n  nnnn 


Hence 


and 


which  lead  to 


a  a  .  _  a.  .n  ,n 

JL-(^li)2....  -(^)* 

n  n-1  0 


•*  e 

b-a-t  -  t  “  A  , 
n  n 


A0  .  A 

a  »  ,  ■„ ,  b  »  — . 

n  _n  n  ,n 

1  -  0*  1-8 

if  0  <  1.  If  6  »  1,  than  va  have  Ajj  *  bn  and  (A.  3)  lap  Ilea  that 

1  1*1 
ft  *  TP  ft  .  *  a  a  »  ®  •••  t  ®  a  QeBeDe 

n  2  n-1  jii  2^K 
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PROPOSITION  A. 2.  We  have 


Vi  "  fcn  “  %  ' 


1  -  /I  -  2h_ 


2n„ 


t  -  t 


KB 


1  +  / 1  -  2h 


and 


.*  1  +  ^  -  2h 

t  -  t  - 
n 


KB 


f  n  ■  0|  tf  2| 


That  is,  t  ~  tn  and  t  -  ^  are  the  solutions  of  the  equations 

0. 

Proof.  As  was  shown  by  Qragg-Tapia  [5] ,  we  have 


1  kb  t2  -  t  +  n 
^  n  n 


v-  1  n - 5T  2  1  -  /I  -  2h 

2  / 1  -  /I  -  2h  i  n 


,n 

fl2  -  (■ 


) 


1  +  /I  -  2h  1  +  /I  -  2h 


Hence,  if  0  <  1,  then  we  have 


1  -  /I  -  2h_  1  -  /l  -  2h 

n  n 


i  -  a-* 


2/1  -  2h  2B  /I  -  2h 
n  n 


(cf.  (4.9))  , 


and 


1  +  /l  -  2h_  1  +  /I  -  2h 

n  n 


1  -  O' 


2/1  -  2h  2B/ 1  -  2h 

n  n 


Consequently,  we  have  from  Proposition  A. 1 


t  -  t 


2/1  -  2h 


1  -  /I  -  2h  1  -  /I  -  2h 
_ n  _  n 


2B  /T  -  2h 
n 


KB 


and 


•  • 

t  -  t 


2/1  -  2h 


1  *  /I  -  2h  1  +  /I  -  2h 
n  n 


2B  /I  -  2h 
n 


KB 
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Proof,  (i)  In  the  proof  of  Theorem  4.1,  it  was  shown  that  B  / 1  -  2h  «  / 1  -  2h 

1  *  nr 

Bn-1  ■  1  -  Ktij,  n  £  0.  Furthermore,  if  n-1,  then  we  have  /l  -  2h  ♦  (Kn  )2  -  1  - 
Bj”1.  If  n  >  2,  then  we  obtain 


-2 


n-2 


n-2 


n  (1  -  h  )' 
i-0 


<1 


2h  ,)  n  (1  -  h. )■  + 
n_1  i-0  1 


n-2  2 

lhn-1  "  (1  “Vl 


i-0 


(1  -  2h  ,)B  +  (h  4B  -]) 

n-1  n- 1  n-1  n-1 


-  1  -  2h  +  (Kn  .)2  . 

n-1 


This  proves  the  second  equality  so  that  we  have 


Kn  +  /i  -  2h  +  (Kn  J2  -  Kn  +  b  -  xn  +  (i  -  h  )b“'  -  b 
n  n  n  n  in  —  “ 


1  -  B'1 
n  n  n 


The  last  relation  (A. 5)  follows  from  Graqq-tapia ' s  relation  (A. 4).  In  fact,  we  have 

-n 


✓1  -  2h_ 


1  -  6 


1  +  8 

(ii)  The  second  relation  follows  from  (1).  The  first  relation  is  well  known  and  is 
derived  as  follows: 

f  ( ) 

t  -  t  -  —  -■ — 
n+1  n  f(t  ) 
n 


{f(tn>  -  -  £,,tn-1)ltn  “  Vt» 


1=^-  •  4  f(C)(t  -  t  ,)2 


1  -  Kt  2 
n 


2(1  -  Kt  )  {tn  ~  tn-1) 
n 


h  n-1 

2 


(tn-1  <  *  <  V 


(iii)  It  follows  from  Proposition  A. 2  that,  if  8  <  1,  then 


1  -  6 


2/1  -  2h 


X 


n  1  ♦  / 1  -  2h 

n 

• 

i  *  t  -  t 

**  -V- - 2 

Vi  (tn  '  Vi* 


If  8  *  1,  then  we  have 


t  -  t  2n 

n  n 


1  2" 


(t«“Vi»2  V?  Vl  ” 


Q.E.D. 


Throughout  this  appendix,  we  keep  the  Kantorovich  assumptions.  Therefore,  according 
to  Ostrovski  [IS],  [16],  we  can  take  a  constant  1^2  such  that  ah  ■  1.  Then,  there 
exists  a  unique  constant  f  £  0  such  that  a  ■  1  +  cosh  g  “  1  +  2  '(a*  ♦  a”* ) .  M  can 
prove  the  following: 

PROPOSITION  A. 4  Let  a  and  g  be  defined  as  above.  Then  we  have 


U)  t  -  t„ 


e“  A  J!i25JL_  „ 


.♦  -  e“» 


*  .*<•*  -  .“A, 


-2--  lie  (.~A 
2n  »>+0  sinh  2*V 


n  (2h  <  1) 


(2h  -  1) 


t  -  t  .«  „n  ,n 

(ii)  Sil.e2  -.-a*  . 

At  ,  4 
n+1 


Proof.  Define  the  sequence  {an}  by 


a-  a  ,  a  •  1  ♦  cosh  2ng  ■  2  (cosh  2n-1g) 2  . 
u  n 


Then  we  have  a  .  •  2(ol  -  1)  and  a  h  *  1*  In  fact#  by  induction  on  n# 
n+i  n  n  n 


A 

A 

15 

A 

li& 


.  KB  h  T)  ah  -  h 

.  . .  4.2  n  nn  _  f  n  n  n’ 

an+  1hn+ 1  *  2  °n  *  ’»  THT  *  ITTHTT  “  t  T-  W  ' 

n  n  n 


o*i. 


■ 


vvV.VA  Wt  \  ■  -V- . .V.\sWCv  •  ‘  • : 


Therefore 


Furthermore  ,  we  have 


provided  that  f  >  0  •  q.e.d. 

Remark  A. 1.  Oetrowski  (16]  choae  a  constant  a  £  2  such  that  ah  ^  1.  Then  the 

_n  _n 
2  *2  • 

above  proof  implies  that  an^n  4  1  and  ®  <  •  where  the  equalities  hold  if  and 

only  if  ah  -  1.  Therefore,  the  best  choice  of  a  is  a  *  h”'. 

PROPOSITION  A. 5.  We  have 

( 1  -  VI  -  ih  )  <  -1-  <  1  -  /I  -  2h) 2  ,  n  >  0  . 

kb  n  *  ~n_  * 


n  i  1 


Proof.  Oof in*  tha  sequences  (a  }  and  { 6  }  by 


■0  ■  B0  ■  t*  -  y  (1  -  -  ft)  , 


a  «  —L  <1  -  /i  2h)2  ,  # 

2^C  n 


(1  -  /I  -  2hft)  . 


Than,  thay  satisfy  tha  r*curr*nc*  ralationa 


•-  -  »-v_?  .  *„  *  i  .  » i  < 


In  fact,  w*  hava 


hn-1  2 

(i-A  ■  ) 


n-1 


1  -  h 


n-1 


n-1 


b  .  i  -  /i-ah  ~  2 

n-1  i  n-1^  1  _  .2 

( - s - J  -  -j  O  »  ,  n  >  1  . 


n-1 


1  *|-2 

rurthtnorti  we  have  y  KBn-1  <  *  K*  linct,  by  Induction  on  n,  «•  obtain 

a  1  3  *  n  >  0.  Q.E.D. 

n  -  n  ■  — 

PROPOSITION  A. 6.  W*  hava 


Kd 


i  ♦  /i  -  2h  ♦  <*a  )2  <  /i  -  ah  ♦  CKd  ,  )2  ,  n  >  i  , 

n  n  »  n— 1  — 

*h*r*  d„  -  l*B+1  -  V 

Proof.  As  a  special  case  of  Hiaoraa  2.3,  we  have 


dn  *  (1  -  V"’  *  J  Mn-?  *  {1  "  V"’  *  T  “«-?  “  I  "nV!  * 


where  a  «  II*  -  x  I  and  a  ■  R  ■  Hence,  we  obtain  tram  Proposition  A. 3  (i) 
n  n  u  n  n 


Kd 


d  < 

n  * 


n-1 


Kd 


n-1 


2/1  -  a  +  (m  j2  2/1  -  ah  ♦  (Kd  TP 
n—  1  n— 1 


since  d_  <  ti  .  It  follows  from  (A. 6)  that 
n  *  n 


</l  -  2h  ♦  (Kd  _,)2  -  M  )2  >  1  -  2i  ♦  (Kd  )2  . 


(h.7) 


The  expression  in  the  parenthesis  in  the  left-hand  side  is  non-negative,  since  we  have 


d  <  4  d  ,  from  (A. 6)*  Therefore,  (A.?)  means  that 
n  *  a  n- 1 


/l  -  2h  + 


<Kd  ) *  -  Kd 
n-l  n 


>  /l  -  2h  +  (Kd  )2  . 


This  proves  Proposition  A.  6.  Q.  E. D. 

On  the  basis  of  Propositions  A.  1  -  A. 6,  we  have  the  following  chart  of  the  upper 
bounds  for  the  errors  of  the  Newton  sequence  { } ,  provided  that  the  Kantorovich 
assumptions  are  satisfied! 

1  ,  ,  2n-1 


n-1 


(2h)  n  (Kantorovich  [6] ) 


,  _  , 

>  — —  (1  -  /I  -  2h)  (Dennis  II],  Tapia  [23]) 


2nK 


2n 


1  +  /I  -  2h 


1  -  /I  -  2h 

r 

KB 


(Kantorovich  [6] ) 


t  -  t  (Kantorovich  [7] ) 
n 


o  _  7n 

—  <i  -  /i  -  2hr  (on  -i,o 
2nK  °  " 


n-1 


2n'Vl  -  ih  +o  ,  (1  -  /I  -  2h)2 

n-i 


^-j-)  (Rail  -  Tapia  [19]  ) 


-,n-1 


v. 


• 

sinh  2n 

21"nn 

(2h-  1) 

9 

A' 

1  - 

21_nn 

<2h  -  1) 

T"1 
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( 2h  <  1) 


(h~  -  1  +  cosh  e,  e  >  0)  (Ostrowski  [15]) 


(2h  <  1) 


(0  -  t  /t  )  (Gragg-Tapia  [5]  ) 
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(Theorem  4. 1 ) 


1  +  /I  +  2X(1  -  KA  >  d 
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